We study the well known variational problem proposed by Calabi: Minimize the functional J M s 2 g dυ g among all metrics in a given Kahler class. We are able to establish the existence of the extremal when the closed Riemann surface has genus different from zero. We have also given a different proof of the result originally proved by Calabi that: On a closed Riemann surface, the extremal metric has constant scalar curvature on a closed Riemann surface, the extremal metric has constant scalar curvature, which originally is proved by Calabi.
Introduction.
In the early 80's, E. Calabi [Cl, C2] proposed the following variational problem. Let M be a compact, connected, complex n-dimensional manifold without boundary and assume that M admits a Kahler metric g locally expressible in the form The variational problem proposed by Calabi is that of minimizing the functional Φ(g) over all g G CQ. The motivation for considering this is the fact that, as g varies in CQ, both the volume dv g M and the total scalar curvature JM remain constants. Thus by the virtue of the Schwartz inequality, the functional Φ(g) has a nonnegative lower bound SgV, we wish that the latter can be achieved if and only if there exists a g G Cςi with constant scalar curvature.
As M. Levine [L] points out, if we call the critical metric of Φ the extremal metric, the extremal metric does not necessarily have constant scalar curvature if the dimension n > 1. For n = 1, E. Calabi is able to show that the extremal metric always has constant scalar curvature if the extremal metric exists (see [Cl] and also §5 of this paper).
The problem of finding extremal metrics is quite nature but quite difficult. There are severval results about the non-existence ([C1], [C2] , [L] , [BB] ). However, in the past decade, there has almost been no progress on the existence of extremal metrics.
The propose of this paper is to show:
Main Theorem.// n -1 with χ(M) < 0, then the extremal metric exists.
Remember that this is not so surprising at all since there are several methods to reach this conclusion: Poincare's classical uniformization theorem [P] ; M. Berger's minimization method [A] , [B] ; R. Hamilton's Ricci flow [CH] , [H1], [H2] ; B. Osgood, R. Phillips and P. Sarnack's minimizing the log determinent of the Laplace operator [OPS] .
What it is new in this paper is that, we exactly follow the Calabi's original idea, by using the direct method, to show that the minimizer of the Calabi functional can be achieved. Since the Kahler class and the conformal class for n = 1 are equivalent, our setting is in the conformal class. The main difficulty is to get H\ norm bound of the conformal factors in terms of the volume bound and the bound on the Calabi functional.
The organization of this paper is as follows: after some preliminaries( §2), we will give the proof of our main theorem for the case χ(M) < 0( §3). §4 will simply indicate the case χ(M) = 0. Since our setting is in the conformal class, we will show, in this setting, that the extremal metrics have constant scalar curvatures ( §5). Clearly this is an alternative proof of one of Calabi's theorems [Cl] .
The author would like to thank Professor Paul Yang for letting him know this very interesting problem and Professor William Abikoίf for an encouragement on him to write out this proof. 
And the scalar curvature associated to the metric g is defined by (2-2) s g = -g°tF or a φ £ CQ, the Calabi functional can be written as
where g' and φ are related by (2.1).
From now on, we only consider M a Riemann surface without boundary, that is, a compact complex 1-dimensional manifold without boundary. It is known that on a complex 1-dimensional manifold, any Riemannian metric is conformally flat [Be, Theorem 1.169] . Thus any two Riemannian metrics on M are conformally equivalent. If metrics g and g' are related by (2.1), there exists a C°° function u such that g 1 = e 2u g. In this form, we know that dυgf = e 2u dv g and the scalar curvatures satisfy the relation
where k g > and k g are the Gaussian curvatures of the metrics g' and g respectively, and Δ is the Laplace operator associated to the metric g. The relation between the Gaussian curvature and the scalar curvature is that s g = 2k g . Thus, up to a constant multiple, the Calabi functional Φ(φ) is equivalent to for some constant λ > 0.
Proof, (c) can easily follow from (b), Lagrange multiplier and the fact that if we set
φdv g . (b) will follow from the proof of (a). Before we are going to prove the part (a), let us recall two simple facts. It can be proved as follows. Suppose G is a Green function for Δ. Then it is known that f M G 2 dv g is finite and for any u G H%,u(p) -f M udv g -J M GAudv g . Thus the Holder inequality implies that (2.9) holds with C = Fact 2. We can choose ε Q > 0 such that if 0 < t < ε 0 , then |e~2 ί -l-f 2ί| < 4ί 2 and \e~2 t -1| < lOOt where numbers 4 and 100 are not so important.
In order to simplify the notation, from now on, we will denote the norm IHUi by |M|. Now we are in position to give the proof of the part (a). Let us now assume that u E Jϊf such that J(u) < oo. Let φ be any function in JT| such that max \ψ\ < e 0 . Then we have
where C is given in (2.9) and CΊ and C 2 are constants. This proves (b) and the half of (a). For the rest of the part (a), we can argue as follows: for a fixed function u € iϊ|, if υ € iϊf is such that max \u -υ\ < ε 0 , then we have 
Proof of Main Theorem for χ(M) < 0.
The proof of the main theorem in this case will consist of several lemmas. Clearly, if φ = 0, then
which is always nonpositive. Let φ be a solution of Δ<^> -k g -J y -. By standard elliptic theory, up to add a constant to φ, φ is unique. We fix a solution by requiring J M φdv g = 0. Choose N > 0 large enough so that Then set υ = 0 -iV/2, we can get Λf, 4-,P 2υ -h -ςp20-ΛΓ _ /M k 9 dv 9 . n and v < 0. Therefore φ = 0 is a supper solution and υ is a sub 0. Since k g is continuous and φ is in C 2 , φ is in H\, There exist constants a and β such that a < φ < β where a and /? only depend on k g . 
J , <
By using the convexity of the exponential function, we can get that -J M 2udυ g < logC 3 from (3.5). Since
~C4-From now on we will assume that the volume f M dv g -1.
where G is Green's function associated to Laplace operator Δ. We can choose G such that it is positive everywhere [A, Theorem 4.14] . These give us the estimate on u as follows
This implies that
As p is arbitrary on M, u <C 2 > Apply (3.6) with u replaced by e~u to get 2 dv g -0. Thus φ is a minimizer for J. Of course, φ is smooth.
The scalar curvatures of the extremal metrics.
In this section, we will prove the following theroem due to Calabi:
Theorem.
For a Riemann surface, the extremal metrics have constant scalar curvatures.
The proof will follow easily from the following Proof. The Vk is a conformal vector field if and only if its components satisfy in local coordinates for some function /. That is to say that we only need to show that the hessian of the Gaussian curvature is proportional to the metric g. The standard Ricci identity shows that Therefore, 4|VAy| 2 = 0. That is, k g > is a constant. The theorem is proved.
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